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KIND OF PROOFS OF RAMANUJAN-LIKE SERIES
JESU´S GUILLERA
Abstract. We make a summary of the different types of proofs adding some new ideas.
In addition we conjecture some relations which could be necessary in “modular type
proofs” (not still found) of the Ramanujan-like series for 1/pi2.
1. Ramanujan-type series for 1/pi
1.1. Introduction. We recall that a Ramanujan-type series for 1/pi is a series of the form
∞∑
n=0
(
1
2
)
n
(s)n(1− s)n
(1)3n
zn(a(z) + b(z)n) =
1
pi
,
where s = 1/2, 1/4, 1/3, or 1/6 and z, a(z), b(z) are algebraic numbers. The name is in
honor to Ramanujan who discovered 17 series of this form in 1914. One of them is the
celebrated formula
∞∑
n=0
1
26n
(
1
2
)3
n
(1)3n
(42n+ 5) =
16
pi
. (1)
The brothers Jonathan and Peter Borwein were the first (1987) to prove the 17 series
discovered by S. Ramanujan. An excellent survey is [5].
1.2. q-parametrization. The function
w0 =
∞∑
n=0
(
1
2
)
n
(s)n(1− s)n
(1)3n
zn,
satisfies the differential equation(
θ3 − z(θ + 1/2)(θ + s)(θ + 1− s))w = 0, θ = z d
dz
.
This equation has three fundamental solutions w0, w1, w2. As usual we let
q = exp(
w1
w0
).
Writing q as a series of powers of z and inverting it we have z as a series of powers of q.
As z is a function of q then we can also view b and a as functions of q. It is known that
z(q) is a modular function and that b(q) and a(q) are modular forms of weight 2. Let
q = eipire−piτ , with τ > 0. The interesting fact is that we have Ramanujan-type series if
and only if r and τ 2 are rational. We will only consider the cases r = 0 (series of positive
terms), that is q = e−piτ and r = 1 (alternating series), that is q = −e−piτ . The other
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values of r lead to complex series [2]. For a fix value of r we can consider z, b, a as
functions of τ .
1.3. Modular equations. A modular equation of order k for a modular function z(q) is
an expression relating z(q) with z(qk) in an algebraic way. In the examples we show how
to determine z combining the functional relation (it depends only on s) with a modular
equation. Then we determine b using a simple known formula. The value of a is more
difficult to determine.
Example 1. Let q = e−piτ with τ > 0. For s = 1/2 it is known that
z(τ) = 4λ(τ)(1− λ(τ)),
where λ(τ) is a modular function which is known as the elliptic λ-function. We see that
(1) has z = 1/26. To understand the origin of this value we substitute τ =
√
7 in the
functional relation 1− λ(τ) = λ(1/τ) and in the septic modular equation{
λ(τ)λ(τ/7)
} 1
8
+
{
(1− λ(τ))(1− λ(τ/7))
} 1
8
= 1.
This septic modular equation is due to C. Guetzlaff (1834) and was rediscovered by
Ramanujan. Then to find the value of b we can use the simple formula b(τ) = τ
√
1− z(τ)
[12]. The value of a is more difficult to prove [5, Th. 9.1].
Example 2. For the alternating series corresponding to s = 1/2 we can use the known
duality identity z(τ) z(2/τ) = 1 as we do in this example. Let q = −e−piτ with τ > 0. We
observe that Ramanujan-type series
∞∑
n=0
(−1)n
23n
(
1
2
)3
n
(1)3n
(6n + 1) =
2
√
2
pi
,
has z = −1/8. To understand the origin of this value we use the duality identity and the
modular equation
64x+ y2 − 48xy + 64x2y = 0,
where x = z(τ) and y = z(τ/2). For τ = 2, we get 128x3 − 48x2 + 1 = 0. One solution is
x = −1/8. Then, from the formula b = τ√1− z, we obtain b = 3/√2.
Example 3. It is known that there are modular equations of any order. For example, to
find a modular equation of third order for the case s = 1/2, it is enough to consider
P (x, y) =
6∑
i=0
6−i∑
j=0
aijx
iyj = 0,
where x = z(q), y = z(q3). Taking 50 terms in z(q) and in z(q3), and solving the linear
system of equations formed by the coefficients of the powers of q, we guess that
− 4096xy + 4608(x2y + xy2) + (x4 + y4)− 900(x3y + xy3)
+ 28422x2y2 + 4608(x3y2 + x2y3)− 4096x3y3 = 0.
KIND OF PROOFS OF RAMANUJAN-LIKE SERIES 3
A much more difficult task is to prove the modular equations rigourously. H.H. Chan
hints in [9] that the above modular equation can be proved using [6, p. 231, xii].
1.4. Hypergeometric transformations. The following hypergeometric identities:
∞∑
n=0
(
1
2
)3
n
(1)3n
zn =
1√
1− z
∞∑
n=0
(
1
2
)
n
(
1
4
)
n
(
3
4
)
n
(1)3n
( −4z
(1− z)2
)n
=
2√
4− z
∞∑
n=0
(
1
2
)
n
(
1
6
)
n
(
5
6
)
n
(1)3n
(
27z2
(4− z)3
)n
=
1√
1− 4z
∞∑
n=0
(
1
2
)
n
(
1
6
)
n
(
5
6
)
n
(1)3n
( −27z
(1− 4z)3
)n
,
see [3, eqs. 3.3, 3.7–3.9],
∞∑
n=0
(
1
2
)
n
(
1
4
)
n
(
3
4
)
n
(1)3n
(
256z3
9(3 + z)4
)n
=
3 + z
3(1 + 3z)
∞∑
n=0
(
1
2
)
n
(
1
4
)
n
(
3
4
)
n
(1)n
(
256z
9(1 + 3z)4
)n
, (2)
[23, eq. 3.7], and also others of the same style like [3, eqs. 3.3–3.6] and [23, eq. 3.6] are
known. They can be proved by purely hypergeometric methods.
1.5. Zudilin’s translation method. We explain it with two examples. The method
is in fact much more powerful; for example, it is applied in [25] in much more general
settings. We can translate Ramanujan-type real series into Ramanujan-type real series
(that is series with q = e−piτ , τ > 0 or with q = −e−piτ , τ > 0) if τ2/τ1 is rational (otherwise
it is not possible). W. Zudilin shows how to find the hypergeometric transformation one
needs to do it. Once we have found it, he shows that we can prove it without modularity
considerations [30].
Example 1. We have
1
pi
=
√
2
4
∞∑
n=0
(
1
2
)3
n
(1)3n
(−1
8
)n
(6n+ 1) =
2
11
√
33
∞∑
n=0
(
1
2
)
n
(
1
6
)
n
(
5
6
)
n
(1)3n
(
2
11
)3n
(126n+ 10).
The first series was proved by the WZ-method (see [13] and its references). We prove the
other one translating it in the following way(
1 + 6z
d
dz
){ ∞∑
n=0
(
1
2
)3
n
(1)3n
zn
}
=
(
1 + 6z
d
dz
){
2√
4− z
∞∑
n=0
(
1
2
)
n
(
1
6
)
n
(
5
6
)
n
(1)3n
(
27z2
(4− z)3
)n}
.
Finally we take z = −1/8. The original proof of the series in the right side is due to the
Borweins [8], and is based in the modular theory.
Example 2. We have
1
pi
=
√
3
16
∞∑
n=0
(
1
2
)
n
(
1
4
)
n
(
3
4
)
n
(1)3n
(−1
48
)n
(28n+ 3)
=
3
4
√
12
∞∑
n=0
(
1
2
)3
n
(1)3n
(2−
√
3)4n
(
(8
√
3− 12)n+ (3
√
3− 5)
)
.
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The first series was proved by the WZ-method (see [13] and its references). We prove the
other one translating it in the following way(
3 + 28u
d
du
){ ∞∑
n=0
(
1
2
)
n
(
1
4
)
n
(
3
4
)
n
(1)3n
un
}
=
(
3 +
28u
zu′
z
d
dz
){√
1− z
∞∑
n=0
(
1
2
)3
n
(1)3n
zn
}
,
where u = (−4z)/(1 − z)2 and u′ = du/dz. Finally we substitute u = −1/48. The first
series is due to Ramanujan, the other one is due to the Borweins [7], and the original
proofs are based in the modular theory.
1.6. A variant of Zudilin’s method. Alexander Aycock (a student of the Johannes-
Gutenberg-Universita¨t Mainz), had the idea of applying the translation to a kind of limit
cases. This example is essentially due to him. Let u = 256z3/(9(3+ z)4) and u′ = du/dz.
Applying to (2) the operator u · d/du, we have
∞∑
n=0
(
1
2
)
n
(
1
4
)
n
(
3
4
)
n
(1)3n
nun =
u
u′
d
dz
[
3 + z
3(1 + 3z)
∞∑
n=0
(
1
2
)
n
(
1
4
)
n
(
3
4
)
n
(1)n
(
256z
9(1 + 3z)4
)n]
.
Then we multiply by
√
1− u and take the limit as u→ 1−. Writing (1−u)−1/2 as a series
of powers of u and applying the Stolz-Cesa`ro theorem we see that the limit of the left side
is equal to
√
2/(2pi). Hence we have (observe that z tends to 9+)
lim
z→9+
{
√
1− u u
u′
d
dz
[
3 + z
3(1 + 3z)
∞∑
n=0
(
1
2
)
n
(
1
4
)
n
(
3
4
)
n
(1)n
(
256z
9(1 + 3z)4
)n]}
=
√
2
2pi
, (3)
Making the calculations it yields
∞∑
n=0
1
74n
(
1
2
)
n
(
1
4
)
n
(
3
4
)
n
(1)3n
(40n+ 3) =
√
3
9pi
,
which is one of the series for 1/pi discovered by Ramanujan [22, eq. 42].
1.7. Non-modular-type proofs versus modular-type proofs. Other kind of hyper-
geometric proofs for some Ramanujan-type series are given by W. Chu in [11] by accelera-
tion of Dougall’s bilateral 2H2 series. If we use Zudilin’s method to translate series proved
by the WZ-method (see [13] and its references) then the proofs are purely hypergeomet-
ric. Now, see the formulas of the papers [3] and [4], where n in [3] and 2n in [4] stand
respectively for τ 2. As we have proved by the WZ-method a series (at least) in each of the
cases τ 2 = 2, 3, 4, 5, 6, 7, 9, we can prove by “translation” all the formulas corresponding
to τ 2 = 2, 3, 4, 5, 6, 7, 9 and also those for τ 2 = 18 and τ 2 = 25. In addition, we can derive
as well the formulas with τ 2 = 15 translating the following “divergent” series for 1/pi:
∞∑
n=0
(
1
2
)
n
(
1
3
)
n
(
2
3
)
n
(1)3n
(−4)n(15n+ 4) “=” 3
√
3
pi
,
which has τ = b/
√
1− z = √15/3 and was proved in [17] by the WZ-method. However
we cannot prove those formulas with τ 2 = 10, 11, 13, 14, 17, 22. The unique known proofs
for them and others even more complicated is by using the modular theory, as Nayandeep
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Baruah and Bruce Berndt do in [3] and [4]. In 1987 J. and P. Borwein gave modular-type
proofs of the two most impressive series discovered by Ramanujan (τ 2 = 35 and τ 2 = 58
respectively), namely:
∞∑
n=0
(−1)n
8822n
(
1
2
)
n
(
1
4
)
n
(
3
4
)
n
(1)3n
(21460n+ 1123) =
3528
pi
,
∞∑
n=0
1
994n
(
1
2
)
n
(
1
4
)
n
(
3
4
)
n
(1)3n
(26390n+ 1103) =
9801
√
2
4pi
,
which give almost 6 and 8 digits per term respectively [7]. The scope of of the WZ-method
is unknown. For example, we ignore if these two last series or simpler series, like (τ 2 = 10):
∞∑
n=0
1
34n
(
1
2
)
n
(
1
4
)
n
(
3
4
)
n
(1)3n
(10n+ 1) =
9
√
2
4pi
, (4)
[22, eq. 41] are provable by this method.
Remark. We propose a way of proving (4) without using modular equations, based in a
generalization of Aycock’s idea. Here we only sketch the proof. Begin with the following
limit:
lim
z→1−
√
(1− z)
(
1 +
z
4
) ∞∑
n=0
n∑
k=0
(
n
k
)4
n
( z
16
)n
=
1
piτc
=
√
10
2pi
, (5)
where qc = e
−piτc and z(qc) = 1. As τc = 2/
√
10 and the value of τ corresponding to (4)
is τ = 5τc, we can find a transformation [30] which allows to translate (5) into the series
(4). Our example is a particular case of the general limit
lim
z→z−c
√
P (z)
∞∑
n=0
Annz
n =
1
piτc
, (6)
where An are a type of Ramanujan-Sato numbers, P (z) is the polynomial defined in [2],
zc is the radius of convergence of the series, and τc is defined implicitly by qc = e
−piτc and
zc = z(qc). The proof of (6) uses the formula b = τ
√
P (z) obtained in [2]. We thank
to Anton Mellit the idea of applying Stolz-Cesa´ro theorem to get the limit in (3), and in
general the limits of the form (6) assuming we know the asymptotic behavior of An [20].
This method allows to determine the exact value of τc.
2. Ramanujan-like series for 1/pi2 (A summary)
2.1. Introduction. Let s0 = 1/2 , s3 = 1−s1 , s4 = 1−s2 . We recall that a Ramanujan-
like series for 1/pi2 is a series of the form
∞∑
n=0
zn
[
4∏
i=0
(si)n
(1)n
]
(a + bn + cn2) =
1
pi2
,
where z, a, b and c are algebraic numbers and the possible couples (s1, s2) are (1/2, 1/2),
(1/2, 1/3), (1/2, 1/4), (1/2, 1/6), (1/3, 1/3), (1/3, 1/4), (1/3, 1/6), (1/4, 1/4), (1/4, 1/6),
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(1/6, 1/6), (1/5, 2/5), (1/8, 3/8), (1/10, 3/10), (1/12, 5/12). Up till now only the following
series have been proved:
∞∑
n=0
(
1
2
)3
n
(
1
4
)
n
(
3
4
)
n
(1)5n
1
24n
(120n2 + 34n+ 3) =
32
pi2
, (7)
∞∑
n=0
(
1
2
)5
n
(1)5n
(−1)n
210n
(820n2 + 180n+ 13) =
128
pi2
, (8)
∞∑
n=0
(
1
2
)5
n
(1)5n
(−1)n
22n
(20n2 + 8n+ 1) =
8
pi2
, (9)
∞∑
n=0
(
1
2
)3
n
(
1
3
)
n
(
2
3
)
n
(1)5n
(
3
4
)3n
(74n2 + 27n+ 3) =
48
pi2
. (10)
All the known proofs are of hypergeometric type. In 2002 we proved (7) and (8) by
the WZ-method and in 2003 and 2010, again by the WZ-method, we proved respectively
(9) and (10), (see [14] and its references). In [15] we show a collection of conjectured
series for 1/pi2. In 2010, in a joint paper with Gert Almkvist [1], a new series with
(s1, s2) = (1/3, 1/6) was conjectured. W. Zudilin was the first to realize that this kind of
series were related to the theory of Calabi-Yau threefolds [26] and [28]. We believe that
this is the start point towards proofs based in “modularity” [29] and [21].
2.2. Calabi-Yau differential equation. The hypergeometric function
w0 =
∞∑
n=0
[
4∏
i=0
(si)n
(1)n
]
zn,
satisfies a fifth order differential equation(
θ5 − z
4∏
i=0
(θ + si)
)
w0 = 0.
This differential equation is of a special type. Its 5 fundamental solutions can be recovered
from the 4 solutions y0, y1, y2, y3 of a Calabi-Yau differential equation. The parametriza-
tion
q = exp(
y1
y0
)
defines z as a series of powers of q. This function z(q) is called the mirror map. The
Yukawa coupling is then defined as
K(q) = θ2q(
y2
y0
), θq = q
d
dq
.
The unique power series T (q), such that T (0) = 0, which is related to the Yukawa coupling
in the way
θ3q T (q) = 1−K(q),
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plays an important role in the theory. From it we define the crucial functions:
α(q) =
1
6
ln3 |q| − T (q)− hζ(3)
pi2 ln |q| , τ(q) =
1
2
ln2 |q| − (θqT )(q)
pi2
− α(q), (11)
where
h =
2
ζ(3)
{
ζ(3, 1/2) + ζ(3, s1) + ζ(3, s2) + ζ(3, 1− s1) + ζ(3, 1− s2)
}
, (12)
We consider the values
2αc =
5
3
+ cot2(pis1) + cot
2(pis2), τ
2
c =
1
sin2(pis1) sin
2(pis2)
. (13)
They correspond to qc, where z(qc) = 1. Sometimes, instead of α(q) we will use the related
function
k(q) = 2(α(q)− αc),
which translates the critical point to 0. In [12] we used the functions k, τ and j (which is
related to τ in a simple way); in [1], we used k and j, and in [2] we considered the functions
in (11) and in addition gave explicit formulas for c(q), b(q) and a(q). The constants (12)
and (13) were given in [12] and more explicitly in [1]. For non-hypergeometric functions
satisfying Calabi-Yau differential equations see [1] and [2]. In these cases we cannot (of
course) obtain h from (12) and αc, τc from (13) but we can use the method explained in
[2] which consist in finding the critical value qc solving the equation
dz
dq
(qc) = 0,
and looking for integer relations among the numbers
1
6
ln3 |qc|−T (qc), pi2 ln |qc|, ζ(3).
Even better, we can use the explicit formulas given in [2, Addendum].
2.3. Main conjecture. The following conjecture was first stated in [12] for hypergeo-
metric series and extended in [2] to all cases. We use the notation α0 = α(q0), α1 = α(q1),
τ0 = τ(q0), etc.
Conjecture 2.1. Let q = |q|eipir,
∞∑
n=0
z(q)n
[
4∏
i=0
(si)n
(1)n
]
(a(q) + b(q)n+ c(q)n2) =
1
pi2
,
Then r, α0, τ
2
0 are rational if and only if z0, c0, b0, a0 are algebraic.
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3. Ramanujan-like series for 1/pi2 (New content)
The following conjectures are new:
Conjecture 3.1. The monodromy matrix around z = zc is given by
1
τ 2c


α2c 0 −αc(τ 2c − α2c)/8 (τ 2c − α2c)d −(τ 2c − α2c)2/128
−32d τ 2c −8αcd 32d2 −(τ 2c − α2c)d
−8αc 0 τ 2c − 2α2c 8αcd −αc(τ 2c − α2c)/8
0 0 0 τ 2c 0
−32 0 −8αc 32d α2c

 .
For the six examples given in the table of [10, Th. 3] we get the correct matrix. This
supports the conjecture.
Conjecture 3.2. Let q = e−pit, with t > 0. If one of the relations z(t2) = z(t1) and
τ2 = τ
2
c ·
4τ1
4τ 21 − k21
, k2 = −τ 2c ·
4k1
4τ 21 − k21
, t2 = t1 · 2τ1 − k1
2τ1 + k1
,
holds all the others are also true.
It is supported by numerical calculations. For example, solving z(q) = 0.9, we could
obtain the identities with a precision of about 25 digits. To discover them we used the
PSLQ algorithm, developed by Ferguson and Bailey, to look for integer relations among
the numbers (1): τ1k2 and τ2k1, (2): k1k2, τ1τ2 and 1, (3): t1t
−1
2 , t2t
−1
1 , k1k2 and 1.
Far from the critical value (z = 1 in the hypergeometric cases), for example for z = 0.4
(hypergeometric cases), we may have divergences but we think the identities still hold by
analytic continuation.
Conjecture 3.3. (Duality) Let q = −e−pit, with t > 0 and (s1, s2) = (1/2, 1/2). If one of
the relations z(t1)z(t2) = 1 and
τ2 =
8τ1
4τ 21 − (k1 + 1)2
, k2 + 1 =
8(k1 + 1)
4τ 21 − (k1 + 1)2
, t2 =
2
t1
· 2τ1 + k1 + 1
2τ1 − k1 − 1 ,
holds all the others are also true. In that case, we also have the relations
c(t2) =
τ2
τ1
· c√−z (t1), b(t2) =
τ2
τ1
· c− b√−z (t1), a(t2) =
τ2
τ1
· c− 2b+ 4a
4
√−z (t1).
It is supported by experimental calculations: For example, using the PSLQ algorithm
we have found, with a good precision, the following identities:
(k1 + 1)τ2 = (k2 + 1)τ1,
(k1 + 1)(k2 + 1) + 8 = 4τ1τ2,
2t1t2 = (k1 + 1)(k2 + 1) + 2(k1 + 1)τ2 + 4.
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The dual of (9) and (8) are respectively
∞∑
n=0
(
1
2
)5
n
(1)5n
(10n2 + 6n+ 1)(−1)n22n “=” 4
pi2
,
∞∑
n=0
(
1
2
)5
n
(1)5n
(205n2 + 160n+ 32)(−1)n210n “=” 16
pi2
.
These two hypergeometric series are “divergent”. In the following section we will see how
to check numerically this kind of series. It is also important to note that W. Zudilin
observed a relation among Ramanujan-like series and a kind of p-adic supercongruences
[27] and that in [18] we showed that the same pattern holds when the series is “divergent”.
A weaker version of Conj. 3.3 (without the relations for t) is in [18].
3.1. Minimal polynomial. When we discovered and proved the series (10) for 1/pi2, we
checked that it has k = 2/3 and τ =
√
37/3. This was the first known series for 1/pi2 with
a non-integer value of k. Inspired by it, we tried other values with thirds. For k = 8/3,
using the method explained in [12], we discovered (also in 2010) the unproved series
∞∑
n=0
(
1
2
)3
n
(
1
3
)
n
(
2
3
)
n
(1)5n
(3φ)3n
[
(32− 216φ)n2 + (18− 162φ)n+ (3− 30φ)
]
?
=
3
pi2
,
where
φ =
(√
5− 1
2
)5
≃ 0.09016994374947424102293417182819058860154589902881 . . . .
This is the only known convergent series for 1/pi2 with a value of z which is not rational.
This value of z has the minimal polynomial
P (z) = z2 + 36828z − 729.
We suspected that the other root of P (z), which is
z =
(−3
φ
)3
,
should be the z of another Ramanujan-like series. To see that we were right we use the
analytic continuation given by the hypergeometric series in the right side:
∞∑
n=0
(
1
2
)3
n
(
1
3
)
n
(
2
3
)
n
(1)5n
zn = 5F4
(
1
2
, 1
2
, 1
2
, 1
3
, 2
3
,
1, 1, 1, 1
∣∣∣∣ z
)
,
∞∑
n=0
(
1
2
)3
n
(
1
3
)
n
(
2
3
)
n
(1)5n
nzn =
z
36
5F4
(
3
2
, 3
2
, 3
2
, 4
3
, 5
3
,
2, 2, 2, 2
∣∣∣∣ z
)
,
and
∞∑
n=0
(
1
2
)3
n
(
1
3
)
n
(
2
3
)
n
(1)5n
n2zn =
z
36
5F4
(
3
2
, 3
2
, 3
2
, 4
3
, 5
3
,
1, 2, 2, 2
∣∣∣∣ z
)
.
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Looking for integer relations (with the PSLQ algorithm) among the numbers v0, v0φ, v1,
v1φ, v2, v2φ and 1/pi
2, where
v0 = 5F4
(
1
2
, 1
2
, 1
2
, 1
3
, 2
3
,
1, 1, 1, 1
∣∣∣∣ −27φ3
)
, v1 =
z
36
5F4
(
3
2
, 3
2
, 3
2
, 4
3
, 5
3
,
2, 2, 2, 2
∣∣∣∣ −27φ3
)
,
and
v2 =
z
36
5F4
(
3
2
, 3
2
, 3
2
, 4
3
, 5
3
,
1, 2, 2, 2
∣∣∣∣ −27φ3
)
,
we find and conjecture the “divergent” series
∞∑
n=0
(
1
2
)3
n
(
1
3
)
n
(
2
3
)
n
(1)5n
(−3
φ
)3n [
(2408 + 216φ)n2 + (1800 + 162φ)n+ (333 + 30φ)
]
“
?
=”
36
pi2
.
We can check that the mosaic supercongruences pattern holds for this series [16]. Inspired
by these congruences, by the conjectured formulas [24, Conj. 1.1–1.6] and by [19], we have
guessed that the sum of the series
∞∑
n=0
(1)5n(
1
2
)3
n
(
1
3
)
n
(
2
3
)
n
(−φ
3
)3n
(2408 + 216φ)n2 − (1800 + 162φ)n+ (333 + 30φ)
n5
is equal to
1125
4
√
5L5(3)− 448ζ(3).
As the convergence of the series is fast, we can use it to get many digits of L5(3). Another
example of the same style is the upside-down series associated to Jim Cullen’s formula
for 1/pi4 [29, Sect. 2.5], namely
∞∑
n=1
(1)9n2
12(n−1)(
1
2
)7
n
(
1
4
)
n
(
3
4
)
n
43680n4 − 20632n3 + 4340n2 − 466n+ 21
n9
“
?
=” − 95232ζ(5)− 160pi5i.
Unfortunately the above series is “divergent”. We interpret it as the following convergent
infinite sum of residues:
1
212
∞∑
n=1
Res
(
(1)9
−sΓ(s)(
1
2
)7
−s
(
1
4
)
−s
(
3
4
)
−s
43680s4 + 20632s3 + 4340s2 + 466s+ 21
s9
cospis
212s
)
s=n
,
which is
?
= to 95232ζ(5). Curiously the summand −160pi5i does not appear when we
include the factor cospis,
Conclusion. Perhaps a kind of “modular equations” (still undiscovered), combined with
functional relations like those conjectured in Conj. 3.2 and Conj. 3.3, could explain the
algebraic values conjectured in Conj. 2.1.
KIND OF PROOFS OF RAMANUJAN-LIKE SERIES 11
References
[1] G. Almkvist and J. Guillera, Ramanujan-like series and String theory, Exp. Math., 21, (2012),
223-234. (eprint arXiv:1009.5202).
[2] G. Almkvist and J. Guillera, Ramanujan-Sato-like series, Proceedings of the International
Conference memory of Alf van der Poorten (to appear), J.M. Borwein et al. (eds.); (eprint
arXiv:1201.5233).
[3] N. Baruah and B. Berndt, Eisenstein series and Ramanujan-type series for 1/pi. Ramanujan J.
23, (2010), 17–44; available at Bruce Berndt’s web site.
[4] N. Baruah and B. Berndt, Ramanujan’s series for 1/pi arising from his cubic and quartic theories
of elliptic functions, J. Math. Anal. Applics. 341, (2008), 357–37; available at Bruce Berndt’s web
site.
[5] N.D. Baruah, B.C. Berndt, H.H. Chan, Ramanujan’s series for 1/pi: A survey, The Amer.
Math. Monthly 116 (2009) 567-587.; available at Bruce Berndt’s web site.
[6] B.C. Berndt, Ramanujan’s Notebooks, Part III. (Springer-Verlag, New York, 1991).
[7] J.M. Borwein, P.B. Borwein, Pi and the AGM: A Study in Analytic Number Theory and
Computational Complexity, (Canadian Mathematical Society Series of Monographs and Advanced
Texts), Jonh Wiley, New York, (1987).
[8] J.M. Borwein, P.B. Borwein, Ramanujan’s rational and algebraic series for 1/pi. J. Indian Math.
Soc. 51 (1987), 147–160.
[9] H.H. Chan, S.H. Chan and Z. Liu, Domb’s numbers and Ramanujan-Sato type series for 1/pi,
Adv. Math. 186 (2004), 396-410.
[10] Y.-H. Chen, Y. Yang, and N. Yui, Monodromy of Picard-Fuchs differential equations for Calabi-
Yau threefolds (with an appendix by C. Erdenberger), J. Reine Angew. Math. 616 (2008), 167-203;
(e-print arXiv:math/0605675).
[11] W. Chu, Dougall’s bilateral 2H2 series and Ramanujan-like pi formulas, Math. of Comp. 276 (2011),
2223–2251.
[12] J. Guillera, A matrix form of Ramanujan-type series for 1/pi; in Gems in Experimental Math-
ematics T. Amdeberhan, L.A. Medina, and V.H. Moll (eds.), Contemp. Math. 517 (2010), Amer.
Math. Soc., 189–206; (eprint arXiv:0907.1547).
[13] J. Guillera, On WZ-pairs which prove Ramanujan series. Ramanujan J. 22 (2008), 249–259.
(eprint arXiv:0904.0406).
[14] J. Guillera, A new Ramanujan-like series for 1/pi2, The Ramanujan J. 26 (2011), 369-374. (e-print
arXiv:1003.1915).
[15] J. Guillera, Collection of Ramanujan-like series for 1/pi2. Unpublished manuscript available at the
author’s web site.
[16] J. Guillera, Mosaic supercongruences of Ramanujan-type, Exp. Math. 21, (2012), 65-68. (e-print
arXiv:1007.2290).
[17] J. Guillera WZ-proofs of ”divergent” Ramanujan-type series. Advances in combinatorics; pro-
ceedings of the 3rd Waterloo Workshop on Computer Algebra (WWCA) 2011 devoted to the 80th
birthday of Herb Wilf; Kotsireas, I. and Zima E. eds. Springer Verlag, Berlin, (2012). (To appear).
(e-print arXiv:1012.2681).
[18] J. Guillera and W. Zudilin, “Divergent” Ramanujan-type supercongruences. Proc. Amer. Math.
Soc. 140 (2012), 765–777. (e-print arXiv:1004.4337).
[19] J. Guillera and M. Rogers, Ramanujan series upside-down. (e-print arXiv:1206.3981).
[20] R. McIntosh, An Assymptotic Formula for Binomial Sums. J. Number Theory 58 (1996), 158–172.
[21] Hossein Movasati, Modular-type functions attached to mirror quintic Calabi-Yau varieties. (e-
print arXiv:1111.0357).
[22] S. Ramanujan Modular equations and approximations to pi, Q. J. Math. 45 (1914), 350–372.
[23] M. Rogers, New 5F4 hypergeometric transformations, three-variable Mahler measures, and formu-
las for 1/pi. Ramanujan J. 18 (2009), 327–340.
12 JESU´S GUILLERA
[24] Zhi-Wei Sun, List of conjectural formulas for powers of pi and other constants.
(arXiv:1102.5649).
[25] J. Wan and W. Zudilin, Generating functions of Legendre polynomials: a tribute to Fred Brafman.
J. Approx. Theory. 164 (2012), 488–503.
[26] Y. Yang and W. Zudilin, On Sp4 modularity of Picard–Fuchs differential equations for Calabi–Yau
threefolds, (with an appendix by V. Pasol); in Gems in Experimental Mathematics T. Amdeberhan,
L.A. Medina, and V.H. Moll (eds.), Contemp. Math. 517 (2010), Amer. Math. Soc., 381–413; (e-print
arXiv:0803.3322).
[27] W. Zudilin, Ramanujan-type supercongruences. J. Number Theory 129:8 (2009), 1848–1857; (e-
print arXiv:0805.2788).
[28] W. Zudilin, Ramanujan-type formulae for 1/pi: A second wind?; in Modular Forms and String
Duality (Banff, June 3-8, 2006), N. Yui, H. Verrill, and C.F. Doran (eds.), Fields Inst. Commun.
Ser. 54 (2008), Amer. Math. Soc. & Fields Inst., 179–188; (e-print arXiv:0712.1332).
[29] W. Zudilin, Arithmetic hypergeometric series. Russian Math. Surveys 66:2 (2011), 369–420. Rus-
sian version in Uspekhi Mat. Nauk 66:2 (2011), 163–216; available at the author’s web site.
[30] W. Zudilin Lost in translation. Wilf memorial volume (to appear), I. Kotsireas and E.V. Zima
(eds.), (e-print arXiv:1210.0269, Sep. 2012).
